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Sine-Transform-Based Chaotic System With
FPGA Implementation
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Abstract—As chaotic dynamics is widely used in non-
linear control, synchronization communication, and many
other applications, designing chaotic maps with complex
chaotic behaviors is attractive. This paper proposes a
sine-transform-based chaotic system (STBCS) of generat-
ing one-dimensional (1-D) chaotic maps. It performs a sine
transform to the combination of the outputs of two exist-
ing chaotic maps (seed maps). Users have the flexibility
to choose any existing 1-D chaotic maps as seed maps in
STBCS to generate a large number of new chaotic maps.
The complex chaotic behavior of STBCS is verified using
the principle of Lypunov exponent. To show the usability
and effectiveness of STBCS, we provide three new chaotic
maps as examples. Theoretical analysis shows that these
chaotic maps have complex dynamics properties and robust
chaos. Performance evaluations demonstrate that they have
much larger chaotic ranges, better complexity, and unpre-
dictability, compared with chaotic maps generated by other
methods and the corresponding seed maps. Moreover, to
show the simplicity of STBCS in hardware implementation,
we simulate the three new chaotic maps using the field-
programmable gate array (FPGA).

Index Terms—Chaotic behavior, field-programmable gate
array (FPGA), nonlinear control, sine-transform-based
chaotic system (STBCS).

I. INTRODUCTION

CHAOTIC behavior, as a kind of dynamical behaviors,
was first observed in meteorology to describe the unpre-

dictability of weather [1]. Subsequently, chaos phenomena are
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found wide existence in many natural and non-natural behaviors,
such as road traffic and stock marketing [2], [3]. According to
the Devaney’s definition, chaotic behaviors show the following
properties [4]:

1) Initial condition sensitivity.
2) Topologically mixing.
3) Periodic orbits density.

The initial condition sensitivity means that arbitrarily little
difference of the initial conditions eventually leads to totally
different behaviors; the topologically mixing demonstrates that
any given region of the phase plane can overlap any other given
region with the trajectory evolves; the periodic orbits density
indicates that the periodic orbits can arbitrarily approach every
point of the phase plane. Because these significant properties
are quite similar with the principles of many real applications,
chaos theory attracts increasing research attentions in various
disciplines [5], [6], especially in nonlinear control [7], [8] and
cryptography [9], [10].

Chaotic systems are some mathematical equations/models
derived from the rules of describing chaotic behaviors. For ex-
ample, the logistic map is designed to simulate the population
growth [11] and the Lorenz system is the mathematical model
of describing the atmospheric convection [1]. Theoretically, a
chaotic system’s chaotic attractors are locally oscillating but
globally stable. This demonstrates that arbitrarily approached
states will separate from each other but the whole attractors
will not depart from the region with the system evolves [12].
However, all the software/hardware platforms cannot own in-
finite precision. When chaotic systems are simulated in these
finite precision platforms, some extremely approached states
may overlap, which unavoidably makes chaotic distribution de-
grade to periodic distribution [13]–[15]. This may cause nega-
tive impacts to some chaos-based applications. Recently, many
chaos-based applications are identified to have secure problems
because of the chaos degradation [16], [17]. On the other hand,
as the fast development of discerning chaos technologies and
improvement of computer ability, some existing chaotic sys-
tems with simple definitions and low complexity can be esti-
mated by identifying their chaotic states [18], [19], estimating
their chaotic orbits [20], [21], or deducing the initial states [22],
[23]. This also causes bottlenecks for the chaos-based applica-
tions [24], [25].

Nowadays, a wide body of researches has been devoted to
counteracting the chaos degradation and improving the perfor-
mance of existing chaotic systems [26]–[28]. These works can
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be divided into two categories: 1) Disturbing the signal of exist-
ing chaotic systems using different methods; 2) designing new
chaotic systems with better performance. Some examples of the
first category are as follows. Li et al. proposed a reseeding-
mixing method to extend the period length of chaotic systems
in [29]. Hu et al. developed a changeable parameter compensa-
tion method to improve the properties of chaotic systems in [30].
Deng et al. brought forward a novel control method based on the
differential mean value theorem and state feedback technology,
which has robustness and superiority in [31]. Some examples
of the second category are as follows. Huang et al. designed
a multiwing butterfly chaotic attractors by designing piecewise
hysteresis functions and using them to take the place of the state
variables of the Lorenz system [32]. Shen et al. developed a sys-
tematic methodology to construct continuous-time hyperchaotic
systems with complex chaotic behaviors [33].

Compared with the technologies of disturbing the signal of ex-
isting chaotic systems, the efforts of generating new chaotic sys-
tems can better promote the chaos-based practical applications.
However, these works also have some limitations. Specifically,
some of new chaotic systems cannot obtain good enough chaos
performance and some of them cannot have robust chaos [34].
The robust chaos means the absence of periodic windows and
coexisting attractors in some neighborhood of the parameter
space [35]. A chaotic system with robust chaos has stable chaos
property and can avoid the chaos degradation caused by parame-
ter perturbation in practical applications [36]. Many efforts have
proved that chaotic systems with robust chaos can show high
efficiency in different practical applications [37]–[39]. In [40],
Wu et al. proposed a wheel-switching system that can use ex-
isting chaotic maps to obtain new ones. But the generated new
chaotic maps have limited chaos performance and cannot obtain
robust chaos. In [41], Hua and Zhou introduced a parameter-
control chaotic system to generate new chaotic maps. Some of
the generated chaotic maps have robust chaos and some of them
have frail chaos performance. In [42], Zhou et al. proposed a
new one-dimensional (1-D) chaotic systems that can generate
new chaotic maps with robust chaos. But the properties of new
chaotic maps may not be theoretically analyzed because a mod-
ular operation is contained.

To generate new chaotic maps with robust chaos and ex-
tremely good chaos performance, this paper proposes a sine-
transform-based chaotic system (STBCS) as a general frame-
work of 1-D chaotic maps. It first combines the outputs of two
existing chaotic maps (seed maps) together, and then does the
sine transform to the combination result to obtain the final out-
put. Any existing 1-D chaotic maps can be used as the seed maps
in STBCS to generate a large number of new chaotic maps.
Theoretical analysis and experimental results demonstrate the
excellent chaos performance of STBCS. The main novelties and
contributions of this paper are summarized as follows.

1) We propose STBCS as a general framework that can
use any two existing 1-D chaotic maps as seed maps to
generate a large number of new chaotic maps.

2) We discuss the properties of STBCS and investigate its
chaotic behavior.

TABLE I
DESCRIPTIONS OF IMPORTANT NOTATIONS

Notation Description

xi The input/output of a dynamical system
L(xi ) The logistic map
S(xi ) The sine map
T (xi ) The tent map
N (xi ) The proposed STBCS
λ The Lyapunov exponent
H(xi ) The combination of seed maps of STBCS
S̃(x) The sine map with control parameter r = 1
J The Jacobian matrix

3) To demonstrate the effectiveness of STBCS, we generate
three new chaotic maps using STBCS and analyze their
dynamics properties.

4) We quantitatively evaluate the performance of the new
chaotic maps generated by STBCS, and compare these
new chaotic maps with chaotic maps generated by two
other methods and the corresponding seed maps.

5) We further implement the three new chaotic maps us-
ing field-programmable gate array (FPGA) in hardware
platforms.

The rest of this paper is organized as follows. Section II re-
views three existing 1-D chaotic maps. Section III introduces
the STBCS and discusses its properties. Section IV provides
three examples of new chaotic maps generated by STBCS.
Section V evaluates the performance of the three new chaotic
maps and Section VI simulates them in hardware implementa-
tion. Section VII reaches a conclusion of this paper.

II. TRADITIONAL CHAOTIC MAPS

This section reviews three existing 1-D chaotic maps as back-
ground. They will be used as seed maps to generate new chaotic
maps in Section IV. To help understand this paper, we give the
descriptions of important notations in Table I.

The logistic map is designed to simulate the population
growth of human beings. By stretching and folding a variable
within range [0, 1], the logistic map can output a variable also
within the range [0, 1]. Mathematically, the logistic map is de-
fined as follows:

xi+1 = L(xi) = 4rxi(1 − xi) (1)

where r is the control parameter and r ∈ [0, 1].
The sine map, derived from the sine function, is to transform

an input angel within range [0, 1
π ] into an output within range

[0, 1]. By multiplying the input angel with π, the input and
output of the sine map can achieve the same data range. The
mathematical model of the sine map is defined by

xi+1 = S(xi) = r sin(πxi) (2)

where the control parameter r ∈ [0, 1].
The tent map stretches or folds the input variable according

to its range. It stretches the input if the input is smaller than
0.5; otherwise, it folds the input. Its representative form can be
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Fig. 1. Bifurcation diagrams (top row) and LEs (bottom row) of (a) the
logistic map, (b) sine map, and (c) tent map.

Fig. 2. Structure of STBCS.

defined as follows:

xi+1 = T (xi) =

{
2rxi, for xi < 0.5
2r(1 − xi), for xi ≥ 0.5

(3)

where the control parameter r is also within range [0, 1].
The bifurcation diagram is to describe the output ranges of a

dynamical system along with its parameter’s change. The Lya-
punov exponent (LE) is a widely used indictor of chaotic system
and a positive LE demonstrates the existence of chaotic behav-
ior [43]. Fig. 1 plots the bifurcation diagrams and LEs of the
logistic, sine, and tent maps with the change of their parameters.
As can be observed, the logistic, sine, and tent maps have chaotic
behaviors when r ∈ [0.89, 1], r ∈ [0.87, 1], and r ∈ (0.5, 1), re-
spectively. Even the logistic and sine maps are two different
maps with totally different definitions, they have similar behav-
iors, which can be seen from their bifurcation diagrams and LEs.
Moreover, the logistic and sine maps do not have robust chaos
as periodic windows exist in their chaotic ranges, but the tent
map has robust chaos when its control parameter r ∈ (0.5, 1).

III. SINE-TRANSFORM-BASED CHAOTIC SYSTEM

This section proposes the STBCS, discusses its properties,
and analyzes its chaotic behavior.

A. Structure of STBCS

Fig. 2 shows the structure of STBCS, where f(a, xi) and
g(b, xi) are two seed maps with control parameters a and b,

Fig. 3. Structure of extended STBCS with N seed maps.

respectively. The combination is to linearly combine the out-
puts of the two seed maps while the sine transform performs a
nonlinearly transformation to the combination results.

Mathematically, the proposed STBCS can be defined as
follows:

xi+1 = N (xi) = sin(π(f(a, xi) + g(b, xi))). (4)

In each iteration, the input xi is simultaneously fed into
f(a, xi) and g(b, xi), and then the sine transform is performed
to the combination of f(a, xi) and g(b, xi)’s outputs.

Any existing 1-D chaotic maps can be used as the seed maps
of STBCS. Users can set the seed maps f(a, xi) and g(b, xi) as
the same or different chaotic maps.

1) When f(a, xi) and g(b, xi) are the same 1-D chaotic
maps, STBCS can be represented as follows:

xi+1 = sin(π(f(a, xi) + f(b, xi))) or

xi+1 = sin(π(g(a, xi) + g(b, xi))). (5)

In this case, STBCS is degraded as that the outputs of
a chaotic map with two different control parameters are
linearly combined and nonlinearly transformed to obtain
more complex chaotic behavior.

2) When f(a, xi) and g(b, xi) are selected as two different
1-D chaotic maps, STBCS defined in (4) has the property
of commutativity. Exchanging the positions of its two
seed maps f(a, xi) and g(b, xi), STBCS generates an
identical chaotic map.

STBCS offers users the great flexibility to generate a large
number of new chaotic maps using different settings of f(a, xi)
and g(b, xi). Compared with their corresponding seed maps,
these generated new chaotic maps are completely different, and
always have much more complex chaotic behaviors.

Moreover, the structure of STBCS in Fig. 2 can be further
extended into three or more seed maps. Fig. 3 shows an exten-
sion example of STBCS with N seed maps. In each iteration,
the input xi is simultaneously fed into the N seed maps, i.e.,
f1(a1 , xi), f2(a2 , xi), . . ., and fN (aN , xi), and the sine trans-
form is performed to the combination of all the seed maps’
outputs. This offers users even more flexibility of selecting seed
maps. The generated chaotic maps have much more compli-
cated chaotic behaviors and more parameter settings, and thus
they may have much better chaos performance and can generate
more random and unpredictable output sequences. On the other
hand, utilizing more seed maps may result in many negative
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impacts, such as time delay, difficulty in implementation, and
complexity of property analysis.

B. Chaotic Behavior Analysis

As the chaotic behavior is a kind of observed phenomena,
researchers have different opinions about its existence. Among
all the chaotic behavior determining methods, the LE is one
of the most significant and widely accepted indictor [43]. For
the two trajectories of an identical chaotic system with slightly
different initial states, LE is to measure their average exponential
divergence. For a differentiable first-order difference equation
xi+1 = f(xi), its LE can be defined by

λf (x) = lim
n→∞

{
1
n

n−1∑
i=0

ln |f ′(xi)|
}

. (6)

A positive LE denotes that the two trajectories of a dynam-
ical system with slightly different initial states exponentially
diverge in each unit time and they will be totally different as
system evolves, identifying chaotic behavior; while a negative
LE means that their distance reduces and they will finally over-
lap as time goes to infinity, identifying periodic behavior. Thus,
a dynamical system xi+1 = f(xi) is regarded as owing chaotic
behavior if λf (x) > 0.

When analyzing the chaotic behavior of STBCS in (4), we
first use an intermediate equation to denote the combination of
two seed maps, namely H(xi) = f(a, xi) + g(b, xi). Then, the
definition of STBCS can be rewritten as follows:

xi+1 = N (xi) = sin(πH(xi)). (7)

As can be seen from the mathematical equation of the sine
map in (2), we can regard (7) as a sine map, whose control
parameter r = 1 and input is the output of H(xi). We use the
symbol S̃(x) to represent the sine map with parameter r = 1.
Then, (7) can be rewritten as follows:

xi+1 = N (xi) = S̃(H(xi)). (8)

On the basis of the definition of LE in (6), we can get the LE
of STBCS as follows:

λN (x) = lim
n→∞

{
1
n

n−1∑
i=0

ln
∣∣∣(S̃(H(xi)))′

∣∣∣
}

= lim
n→∞

{
1
n

n−1∑
i=0

ln
∣∣∣S̃ ′(H(xi))H′(xi)

∣∣∣
}

= lim
n→∞

{
1
n

n−1∑
i=0

ln
∣∣∣S̃ ′(H(xi))

∣∣∣
}

+ lim
n→∞

{
1
n

n−1∑
i=0

ln |H′(xi)|
}

= λS̃(x) + λH(x) . (9)

Because S̃(x) is the sine map with parameter r = 1. As can
be observed from Fig. 1(b) that when r = 1, the sine map has

Fig. 4. Dynamics properties of the three new chaotic maps. The top
and bottom rows plot the equilibrium points and their corresponding
Jacobian matrix values of the (a) LS map, (b) LT map, and (c) TS map,
respectively.

chaotic behavior. Thus, λS̃(x) > 0. Then, the LE of STBCS can
be analyzed from the following ways.

1) When λH(x) > 0, namely, the first-order equation
H(x) has chaotic behavior, λN (x) > 0 and λN (x) >
max{λS̃(x) , λH(x)}. This means that STBCS is chaotic

and has better performance than S̃(x) and H(x).
2) When −λS̃(x) < λH(x) < 0, λN (x) = λS̃(x) + λH(x) >

0. In this case, STBCS also has chaotic behavior.
3) When λH(x) < −λS̃(x) , λN (x) = λS̃(x) + λH(x) < 0. In

this case, STBCS does not have chaotic behavior.
In summary, if the first-order equation H(x) is chaotic,

STBCS is always chaotic and it has better chaos performance
thanH(x) and the sine map with parameter r = 1; ifH(x) is not
chaotic, STBCS also has the change of owning chaotic behavior.
Note that the robustness of STBCS’s chaotic behavior cannot
be analyzed directly, because STBCS is a general framework
and the analysis of robust chaotic behavior usually applies to
the chaotic maps with specific expressions [36].

IV. EXAMPLES OF NEW CHAOTIC MAPS

Using the proposed STBCS, users have the great flexibility
to set different 1-D chaotic maps as the seed maps f(a, xi)
and g(b, xi) to generate a large number of new chaotic maps.
Different settings of existing maps and control parameters can
obtain new chaotic maps with different chaotic behaviors. To
show the effectiveness of STBCS, this section generates three
examples of new chaotic maps using the three existing 1-D
chaotic maps presented in Section II. For simplicity, we set
control parameters a as r and b as 1 − r in this paper. Users are
flexible to set them in a different way.

A. Logistic–Sine Map

1) Definition: A new chaotic map called logistic–sine (LS)
map can be generated when choosing the seed maps f(a, xi)
as the logistic map and g(b, xi) as the sine map, and setting
their control parameters a as r and b as 1 − r, respectively. The
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Fig. 5. Bifurcation diagrams of the (a) LS map, (b) LT map, and (c) TS map.

obtained LS map can be defined by

xi+1 = sin(π(L(r, xi) + S(1 − r, xi)))

= sin(π(4rxi(1 − xi) + (1 − r) sin(πxi))) (10)

where the control parameter r ∈ [0, 1].
2) Equilibrium Point and Stability: Equilibrium point is an

element of system’s domain that maps to itself. For a dynamical
system xi+1 = f(xi), its equilibrium points are the intersections
between its curve and the 45◦ line, i.e., the solutions of xi+1 =
xi . Then, the equilibrium points of the LS map are the roots of
the equation

x̃ = sin(π(4rx̃(1 − x̃) + (1 − r) sin(πx̃))). (11)

Obviously, x̃1 = 0 is one equilibrium point of the LS map.
Solving (11), we can find out that the LS map has a total num-
ber of four equilibrium points when its control parameter p is
within the range [0, 1]. The equilibrium point of a chaotic sys-
tem owns two states: Stable state and unstable state. Its stability
is associated with the slope of the system’s curve at that point.
When the slope falls into range (−1, 1), the equilibrium point
is stable and all the neighboring states will be attracted by the
point; otherwise, the equilibrium point is unstable and all the
neighboring states will escape from it. The slope can be calcu-
lated by the Jacobian matrix and the LS map has the Jacobian
matrix as follows:

J =
dsin(π (L(r,xi )+S(1−r,xi )))

dxi

= cos(π(4rxi(1 − xi) + (1 − r) sin(πxi)))π(4r(1

− 2xi) + (1 − r) cos(πxi)π). (12)

The first column of Fig. 4 shows the four equilibrium points
of the LS map and their corresponding Jacobian matrix values.
As can be seen from the figure, the Jacobian matrix values
of the four equilibrium points are all without range (−1, 1)
in the whole parameter settings, which means that the four
equilibrium points of the LS map are always unstable. Fig. 5(a)
shows the bifurcation diagram of the LS map with the change
of its control parameter r. One can see that the LS map has

outputs randomly distributed in all the parameter range. This
is completely consistent with the stability of its equilibrium
points, and indicates that the LS map has robust chaotic
behavior in the whole parameter range.

B. Logistic–Tent Map

1) Definition: When changing the settings of one seed map
in the generation procedure of the LS map, namely, setting
f(a, xi) as the logistic map L(x), the parameters a as r and
b as 1 − r, but changing g(b, xi) as the tent map T (x), a new
chaotic map called the logistic–tent (LT) map can be generated.
The mathematical equation of the LT map is defined by

xi+1 = sin(π(L(r, xi) + T (1 − r, xi)))

=
{

sin(π(4rxi(1 − xi) + 2(1 − r)xi)), for xn < 0.5
sin(π(4rxi(1 − xi) + 2(1 − r)(1 − xi))), for xn ≥ 0.5

(13)

where r ∈ [0, 1] is the control parameter.
2) Equilibrium Point and Stability: To find out the equilib-

rium points of the LT map, we set xi+1 = xi . The equilibrium
points of the LT map are the roots of the equation

x̃ = sin(π(4rx̃(1 − x̃) + 2(1 − r)min{x̃, 1 − x̃})). (14)

By solving (14), we can find out that the LT map has four
equilibrium points. The Jacobian matrix of the LT map is given
by

J =
dsin(π (L(r,xi )+T (1−r,xi )))

dxi

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

cos(π(4rxi(1 − xi) + 2(1 − r)xi))π(4r(1 − 2xi)
+2(1 − r)), for xi < 0.5

cos(π(4rxi(1 − xi) + 2(1 − r)(1 − xi)))π(4r(1
−2xi) − 2(1 − r)), for xi ≥ 0.5.

(15)

The four equilibrium points of the LT map and their cor-
responding Jacobian matrix values are plotted in the second
column of Fig. 4. All the Jacobian matrix values of the four
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equilibrium points are without range (−1, 1). This means that
the four equilibrium points of the LT map are all unstable in the
whole parameter settings. As the 1-D piecewise-smooth maps
can be proved to have robust chaos in an interval if they do not
have stable equilibrium points in that range [36], the LT map has
robust chaotic behavior in the whole parameter range. Fig. 5(b)
shows the bifurcation diagram of the LT map with the change
of its control parameter r. The outputs randomly distribute in
the whole data range in all the parameter settings, which means
that the LT map has complex chaotic behavior.

C. Tent–Sine Map

1) Definition: When selecting the seed maps f(a, xi) and
g(b, xi) as the tent map T (x) and sine map S(x), and setting
the parameters a as r and b as 1 − r, a new chaotic map, the
tent–sine (TS) map can be generated and it is defined as follows:

xi+1 = sin(π(T (r, xi) + S(1 − r, xi)))

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

sin(π(2rxi + (1 − r) sin(πxi)))
for xn < 0.5

sin(π(2r(1 − xi) + (1 − r) sin(πxi)))
for xn ≥ 0.5

(16)

where r ∈ [0, 1] is a parameter.
2) Equilibrium Point and Stability: The equilibrium points

of the TS map are the roots of the following equation:

x̃ = sin(π(2r min{x̃, 1 − x̃} + (1 − r) sin(πx̃))). (17)

Solving (17), we can find out that the TS map also has four
equilibrium points. The Jacobian matrix of the TS map is given
by

J =
dsin(π (T (r,xi )+S(1−r,xi )))

dxi

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

cos(π(2rxi + (1 − r) sin(πxi)))π(2r

+(1 − r) cos(πxi)π), for xi < 0.5
cos(π(2r(1 − xi) + (1 − r) sin(πxi)))π(−2r

+(1 − r) cos(πxi)π), for xi ≥ 0.5.

(18)

The third column of Fig. 4 plots the four equilibrium points
of the TS map with their related Jacobian matrix values. One
can observe that all the four equilibrium points are unstable,
indicating that the TS map has robust chaos in the whole param-
eter range. Fig. 5(c) shows the bifurcation diagram of the TS
map with the change of its control parameter r. The TS map has
chaotic behavior in the whole parameter range and its outputs
also randomly distribute in the whole data range.

V. PERFORMANCE EVALUATIONS AND COMPARISONS

The proposed STBCS can generate new chaotic maps with
better chaos performance. To demonstrate this property of
STBCS, this section evaluates the three new chaotic maps

Fig. 6. LE comparisons of (a) the LS maps generated by STBCS,
DPCCS, ZBC, and the corresponding seed maps, (b) the LT maps gen-
erated by STBCS, DPCCS, ZBC, and the corresponding seed maps,
and (c) the TS maps generated by STBCS, DPCCS, ZBC, and the cor-
responding seed maps.

generated by STBCS, and compares these chaotic maps with
their corresponding seed maps and chaotic maps generated
by two other generation methods, namely DPCCS [41] and
ZBC [42]. To give a fair comparison environment, the param-
eters of chaotic maps generated by ZBC are normalized into
[0, 1]. The comparisons are performed from the following three
aspects: LE, Sample entropy (SE) [44], and Kolmogorov entropy
(KE) [45].

A. Lyapunov Exponent

As mentioned in Section III-B that LE is a widely used indic-
tor to identify the existence of chaotic behavior. A positive LE
means that slightly different initial states of an identical equa-
tion can eventually result in totally different behaviors. So, a dy-
namical system with a positive LE is considered to have chaotic
behavior and bigger positive LE denotes better performance.
Fig. 6 shows the LE comparisons among new chaotic maps
generated by different generation methods and the correspond-
ing seed maps. One can see that in each comparison, the two
seed maps only have positive LEs in few parameter settings,
and the new chaotic maps generated by the proposed STBCS,
DPCCS, and ZBC have positive LEs in much larger parameter
ranges. Specifically, the LS map (STBCS), LT map (STBCS),
TS map (STBCS), LT map (DPCCS), TS map (DPCCS), LS
map (ZBC), LT map (ZBC), and TS map (ZBC) have positive
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Fig. 7. SE comparisons of (a) the LS maps generated by STBCS,
DPCCS, ZBC, and the corresponding seed maps, (b) the LT maps gen-
erated by STBCS, DPCCS, ZBC, and the corresponding seed maps,
and (c) the TS maps generated by STBCS, DPCCS, ZBC, and the cor-
responding seed maps.

LEs in all the parameter settings. This means that these chaotic
maps can achieve chaotic behaviors in the whole parameter
ranges, indicating that they have robust chaos. Moreover, the
three chaotic maps generated by STBCS have much larger LEs
than chaotic maps generated by DPCCS, ZBC, and their cor-
responding seed maps. As a result, using the same seed maps,
the proposed STBCS can generate new chaotic maps with more
complex behaviors than DPCCS and ZBC.

B. Sample Entropy

The SE is derived from the approximate entropy, which is
a measure of complexity of a time series [44]. It can be used
to describe the similarity of sequences generated by dynamical
systems. A bigger SE reflects a lower degree of regularity, i.e.,
the higher complexity of dynamical system.

The SE comparisons between new chaotic maps generated
by different generation methods with their corresponding seed
maps are shown in Fig. 7. One can observe that all the new
chaotic maps generated by STBCS, DPCCS, and ZBC have
positive SEs in the whole/most parameter ranges, while their
seed maps, the logistic, sine, and tent maps, only have posi-
tive SEs in small parameter ranges. Moreover, the LS, LT, and
TS maps generated by the proposed STBCS can achieve much
larger SEs than chaotic maps generated by DPCCS and ZBC.

Fig. 8. KE comparisons of (a) the LS maps generated by STBCS,
DPCCS, ZBC, and the corresponding seed maps, (b) the LT maps gen-
erated by STBCS, DPCCS, ZBC, and the corresponding seed maps,
and (c) the TS maps generated by STBCS, DPCCS, ZBC, and the cor-
responding seed maps.

This also proves that STBCS can generate new chaotic maps
with better complexity.

C. Kolmogorov Entropy

The KE is a kind of metric entropy and it provides a mathe-
matical explanation for the randomness of finite objects [45]. It
can be used to measure how much extra information is needed
to predict the (t + 1)th output of a trajectory using its previ-
ous t outputs. A positive KE means that extra information is
required to predict a trajectory and bigger KE indicates more
required information. Thus, a dynamical system with a positive
KE is considered unpredictable and bigger KE means better
unpredictability.

Fig. 8 depicts the KEs of different chaotic maps with the
change of their parameters. It is obvious that the LS, LT, and
TS maps generated by the proposed STBCS can obtain positive
KEs in the whole parameter range and their KEs are much larger
than new chaotic maps generated by two other methods and their
corresponding seed maps. This means that the proposed STBCS
can generate chaotic maps with better unpredictable.

VI. HARDWARE IMPLEMENTATION

Even time delay exists in the proposed STBCS, the chaotic
maps generated by STBCS can be implemented in practical
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Fig. 9. FPGA structure of the three new chaotic maps generated by STBCS.

applications. To show the effectiveness of STBCS in hardware
implementation, this section simulates the three newly generated
chaotic maps using FPGA design.

A. FPGA Design

As FPGA-based chaotic oscillators can achieve high frequen-
cies, FPGA implementation is one widely used way to simu-
late the equations of chaotic behaviors [46]. Fig. 9 shows the
structure of FPGA design for the LS, LT, and TS maps. The
entire structure can be divided into four modules, including
the Scom64forCtrl, Ctrl, FunCtrl, and SelfSin modules. These
modules can be briefly described as follows.

1) The Scom64forCtrl is a communication module. The pa-
rameter rst is a reset key that initializes the system. The
parameter rxd receives the initial states (x0 , r) and ref
from the computer, and returns back the iteration result
to the computer through the parameter txd. The ref is a
variable that decides which one of the LS, LT, and TS
maps is selected to execute.

2) The Ctrl is a system control module. The parameter rst
receives the data passed from the module Scom64forCtrl
and chooses one of the LS, LT, and TS maps to execute
according to the variable ref. It also transforms the data to
and receives the iteration result from the FunCtrl module,
and passes the received result back to the Scom64forCtrl
module and the oscilloscope to display.

3) The FunCtrl is a function module that implements the
LS, LT, and TS maps.

4) The SelfSin is also a function module that implements the
sine function.

B. Simulation Results

Here, we simulate the three new chaotic maps in MATLAB
software and FPGA design. The experimental realization of
FPGA design is shown in Fig. 10. The used data formats in
FPGA and MATLAB designs are both the double precision
of IEEE 754 standard [47]. We use the same initial states
for all the simulations and set (x0 , r) = (0.3, 0.5) (namely
(3FD3333333333333, 3FE0000000000000) in FPGA simu-
lations). Fig. 11 plots the outputs of the three newly gener-
ated chaotic maps in FPGA and MATLAB simulations, which

Fig. 10. Experimental realization of FPGA design.

represent the hardware and software implementations, respec-
tively. The top row plots the FPGA simulation results, while the
bottom row plots the MATLAB simulation results. One can see
that the outputs of software and hardware implementations are
exactly the same. This means that the implementations of these
new chaotic maps have consistency in different kinds of plat-
forms. One bottleneck of chaos-based applications is that some
of their used chaotic maps cannot generate the same trajecto-
ries in different platforms even with the identical initial states.
These new chaotic maps can address this problem and thus can
significantly promote the chaos-based applications.

VII. CONCLUSION

This paper proposed the STBCS, which is a general frame-
work of generating 1-D chaotic maps. It first combines the out-
puts of two existing chaotic maps, and then performs the sine
transform to the combination results. Users have the great flexi-
bility to choose any different chaotic maps as seed maps to gen-
erate a large number of new chaotic maps. We used the principle
of LE to analyze the chaotic characters of STBCS and the anal-
ysis result proved its complex chaotic behavior. To demonstrate
the effectiveness of STBCS in generating new chaotic maps, we
provided three new chaotic maps as examples and investigated
their dynamics properties. The chaos performance evaluations
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Fig. 11. Outputs of FPGA and MATLAB implementations of new chaotic maps. The top and bottom rows plot the first 50 iteration values of the
(a) LS map, (b) LT map, and (c) TS map in the FPGA and MATLAB simulations, respectively. The initial states (x0 , r) are set as (0.3, 0.5) (namely
(3F D3333333333333, 3F E0000000000000) in FPGA simulations).

and comparisons using LE, SE, and KE showed that chaotic
maps generated by STBCS have much larger chaotic ranges,
better complexity, and unpredictability than chaotic maps gen-
erated by two other methods and their corresponding seed maps.
To show the simplicity of STBCS in hardware implementation,
we performed the FPGA design for the three new chaotic maps.
By comparing the implementation results in hardware and soft-
ware platforms, we found that these chaotic maps have the con-
sistency in different implementation platforms.
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